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THE (NON)-RELATIVE HYPERBOLICITY OF THE
SEPARATING CURVE GRAPH
JACOB RUSSELL AND KATE M. VOKES
Abstract. We prove that the separating curve graph of a connected, compact,
orientable surface with genus at least 3 and a single boundary component is not
relatively hyperbolic. This completes the classification of when the separating
curve graph is hyperbolic and relatively hyperbolic initiated by previous works of
the authors.
1. Introduction
For a connected, compact, orientable surface S “ Sg,b with genus g and b boundary
components, the separating curve graph, SeppSq, is the metric graph whose vertices
are all isotopy classes of separating curves, with edges of length 1 corresponding
to disjointness. The separating curve graph arises naturally in the study of the
Johnson kernel of the mapping class group [BM04, Kid13], the coarse geometry of
the Weil–Petersson metric on Teichmu¨ller space [BM08, Bow15, Sul15], and the
algebraic topology of the moduli space of a surface [Loo13].
When S has genus 0, all curves on the surface are separating and the separating
curve graph is the same as the famous curve graph, CpSq, which is defined similarly
using all curves on S instead of just the separating curves. In this case, SeppSq “
CpSq is a Gromov hyperbolic metric space by a celebrated theorem of Masur and
Minsky [MM99]. While the curve graph is hyperbolic for all surfaces, it has long been
understood that the separating curve graph is not in general hyperbolic (see [Sch05,
Exercise 2.42]).
The second author illuminated the coarse geometry of the separating curve graph
by showing it is a hierarchically hyperbolic space in all cases where SeppSq is non-
empty [Vok17]. Hierarchical hyperbolicity is a notion of non-positive curvature
introduced by Behrstock, Hagen, and Sisto to generalize Masur and Minsky’s sub-
surface projection machinery for the mapping class group [BHS17a, BHS19, MM00].
Every hierarchically hyperbolic space is equipped with a family of projection maps
to Gromov hyperbolic spaces. These projection maps satisfy a list of axioms that
allows for the geometry of the space to be recovered from the images of these pro-
jections. The simplest examples of hierarchically hyperbolic spaces are hyperbolic
spaces, where the projection map can be taken to be the identity map from the
space to itself. The projection maps for the mapping class group are the subsur-
face projections, to curve graphs of all subsurfaces, defined by Masur and Minsky
in [MM00]. The hierarchically hyperbolic structure on SeppSq constructed by the
second author also uses Masur and Minsky’s subsurface projections, this time to
curve graphs of only certain subsurfaces.
As a consequence of this hierarchically hyperbolic structure, the second author
deduced that the separating curve graph is hyperbolic when the surface has at least
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three boundary components [Vok17]. For surfaces with genus at least 3 and zero
or two boundary components, the first author used the hierarchically hyperbolic
structure to show the separating curve graph is relatively hyperbolic [Rus19]. Like
a relatively hyperbolic group, a relatively hyperbolic space is hyperbolic outside of a
collection of isolated peripheral subsets (see [Sis12] for several equivalent definitions).
While hierarchical hyperbolicity is a generalization of hyperbolic and relatively hy-
perbolic spaces, these results demonstrate that it can be advantageous to first prove
a space is hierarchically hyperbolic and then use the tools provided by this to show
(relative) hyperbolicity.
Our new addition to this theory is the resolution of the final case, proving the
separating curve graph is not relatively hyperbolic for surfaces with one boundary
component.
Theorem 1.1. The separating curve graph of a surface with one boundary compo-
nent and genus at least 3 is not hyperbolic or relatively hyperbolic.
We establish Theorem 1.1 by showing the separating curve graph is thick when
the surface has exactly one boundary component. Thickness was originally intro-
duced by Behrstock, Drut¸u and Mosher as an obstruction to a space being relatively
hyperbolic, but has emerged as a powerful quasi-isometry invariant of metric spaces
[BDM09, BD14, BHS17b]. Thickness is defined inductively, with spaces that are
products of two infinite diameter metric spaces being thick of order 0. A metric
space X is thick of order at most n ě 1 if any two points in X can be connected by
a “thick chain” of subsets that are thick of order at most n ´ 1. That is, for any
x, y P X, there exists a sequence of thick of order at most n´ 1 subsets P1, . . . , Pk,
so that x is in P1, y is in Pk, and the coarse intersection between Pi and Pi`1 has
infinite diameter for each 1 ď i ď k ´ 1. If a space is thick of any order, then it
cannot be relatively hyperbolic [BDM09, Corollary 7.9].
We show that SeppSg,1q is thick of order at most 2. The thick of order 0 subsets
are product regions that arise naturally from the hierarchically hyperbolic struc-
ture. These product regions are in one-to-one correspondence with pairs of disjoint
witnesses, connected subsurfaces that intersect every separating curve on Sg,1. The
thick chains of these product regions can be understood by examining sequences of
sequentially disjoint witnesses. Not every two points in SeppSg,1q can be joined by a
thick chain of these product regions, so we form thick of order 1 subsets by taking
unions of product regions that can be thickly chained together. The main difficulty
is then understanding how these thick of order 1 subsets chain together. We resolve
this by using the map from Sg,1 to the closed surface Sg,0 given by capping off the
boundary component. The fibers of this map illuminate the chaining of the thick
of order 1 subsets we have constructed in SeppSg,1q. This method is an adaption of
the argument in [BM08, Proposition 3], which exploits the capping map to prove
the thickness of the pants graph of S2,1.
By combining the present work with previous works of the authors, we obtain
a complete characterization of the (relative) hyperbolicity of the separating curve
graph in Theorem 1.2 below. The hyperbolicity of SeppSq was previously under-
stood for S “ S2,0 [Sul14], and in the genus 0 case, when SeppSq “ CpSq [MM99].
Theorem 1.2 covers all possible cases, since Sg,b contains no separating curves when
2g ` b ă 4. As we discuss in Section 3, when pg, bq P tp0, 4q, p1, 2q, p2, 0q, p2, 1qu,
SeppSg,bq is non-empty, but the edge relation of disjointness produces a graph that
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is not connected. To achieve a connected graph in these exceptional cases, we modify
the edge relation to put an edge between any two curves that intersect at most four
times for S1,2, S2,0 and S2,1, and at most twice for S0,4. While the connectedness of
SeppSq when 2g ` b ě 4 is well known to experts, we could not find a proof in the
literature covering all of the cases in Theorem 1.2. In Section 3, we use a technique
of Putman to provide a unified proof of connectedness in all the cases where SeppSq
is not equal to CpSq.
Theorem 1.2. Let S “ Sg,b be so that SeppSq is non-empty, that is, 2g ` b ě 4.
(1) If b ě 3 or pg, bq P tp1, 2q, p2, 0q, p2, 1qu, then SeppSq is hyperbolic [Vok17,
Example 2.4].
(2) If b “ 0 and g ě 3, then SeppSg,bq is relatively hyperbolic with peripherals
quasi-isometric to CpS0,g`1q ˆ CpS0,g`1q [Rus19, Theorem 6.8].
(3) If b “ 2 and g ě 2, then SeppSg,bq is relatively hyperbolic with peripherals
quasi-isometric to CpS0,g`2q ˆ CpS0,g`2q [Rus19, Theorem 6.8].
(4) If b “ 1 and g ě 3, then SeppSg,bq is thick of order at most 2.
After laying out some preliminaries in Section 2, we prove connectedness of SeppSq
for all surfaces with genus at least 1 in Section 3. In Section 4, we detail the hierarchy
structure on the separating curve graph established by the second author in [Vok17].
This entails describing a general class of graphs of multicurves from which we find a
quasi-isometric model for the separating curve graph and a concrete description of
the product regions. Finally, we show the separating curve graph of a surface with
one boundary component is thick in Section 5.
2. Preliminaries
Throughout, we will consider connected, orientable, finite type surfaces. As the
separating curve graph does not distinguish between a boundary component and a
puncture, we may assume that all surfaces are compact. Thus, each surface will be
homeomorphic to some Sg,b with genus g and b components. The complexity of Sg,b
is ξpSg,bq “ 3g ´ 3` b.
By a curve on a surface S we mean an isotopy class of essential, non-peripheral
simple closed curves on S. A subsurface of S will be an isotopy class of compact sub-
surfaces. We assume all subsurfaces are essential, that is, all boundary components
of the subsurface are either boundary components of S or essential, non-peripheral
curves. We say curves and/or subsurfaces are disjoint if they have disjoint represen-
tatives. A multicurve of S is a collection of pairwise disjoint, pairwise non-isotopic
curves on S. If a multicurve µ and a subsurface Y are not disjoint, we say µ inter-
sects Y . Abusing notation, if µ is a multicurve on S, Szµ will denote the complement
of a regular open neighborhood of µ. Similarly, for a subsurface Y of S, S z Y will
denote the closure of the complement of Y . A multicurve µ is separating if S z µ is
disconnected. The intersection number of two multicurves µ and ν on S is denoted
ipµ, νq and is the minimal number of intersections between two representatives of µ
and ν. Given a subsurface Y of S, we denote by BSY the multicurve on S composed
of boundary curves of Y that are not also boundary curves of S.
The curve graph, CpSq, of a surface S has a vertex for every curve on S and an
edge joining two vertices if they are disjoint. We make the standard modification for
S1,0, S1,1 and S0,4 by putting an edge between two vertices which intersect minimally.
The separating curve graph, SeppSq, is defined similarly using only the curves that
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are separating. We give the precise edge relation for the separating curve graph in
Section 3. All graphs will be considered as metric spaces by declaring each edge to
have length 1.
For every connected subsurface Y of S with CpY q non-empty, Masur and Minsky
defined a subsurface projection map piY : CpSq Ñ 2CpY q. We recall a few properties
and direct the reader to [MM00, Section 2.3] for full details. For a set of curves
A on S, we define piY pAq “ ŤαPA piY pαq. If µ is a multicurve on S, then piY pµq is
empty if µ is disjoint from Y and is a non-empty subset of diameter at most 3 if µ
intersects Y . If µ and ν are two multicurves on S that both intersect a subsurface Y ,
then we define dY pµ, νq “ diamCpY qppiY pµq Y piY pνqq.
We define the mapping class group of S, MCGpSq, to be the group of isotopy
classes of orientation-preserving self-homeomorphisms of S (note, we do not require
these to fix the boundary pointwise). The action of MCGpSq on the set of curves
on S induces an action of MCGpSq on CpSq by isometries. The pseudo-Anosov
elements of MCGpSq are precisely those that act loxodromically on CpSq [MM99,
Proposition 4.6].
For the surface Sg,1, there is a natural map F : CpSg,1q Ñ CpSg,0q and a homomor-
phism MCGpSg,1q Ñ MCGpSg,0q, both induced by capping the boundary component
of Sg,1 with a disk. The kernel of this homomorphism is the point pushing subgroup
of MCGpSg,1q [Bir69]. We will denote the point pushing subgroup by PushpSg,1q. If
µ is a multicurve on Sg,1 and φ P PushpSg,1q, then F pµq “ F pφpµqq.
3. Connectedness of the separating curve graph
For completeness, we give a proof of the connectedness of the separating curve
graph of S “ Sg,b, with the appropriate definition of edges. There exist proofs in
the literature for various cases, but we could not find one that covers every case
where SeppSq is non-empty. If g “ 0, then the separating curve graph is the same
as the curve graph, and we refer the reader to [MM99, Lemma 2.1] when b ě 5, and
[Min96, Section 3] for S0,4. A result implying connectedness of the separating curve
graph for surfaces of genus at least 3 was announced by Farb and Ivanov in [FI05].
Numerous proofs have been given for the case of closed surfaces with genus at least 3
[MV03, MS06, Put08], and stronger connectivity results are proved in [Loo13] for
surfaces of genus at least 2 that are not S2,0 or S2,1. A proof for the cases where the
edge relation of disjointness gives a connected graph previously appeared in [Vok18].
The proof we present here is a unified proof for all of the cases where the separating
curve graph is non-empty and is not the curve graph.
Definition 3.1. Let S “ Sg,b and define SepKpSq to be the graph whose vertices
are all separating curves on S, with two vertices joined by an edge if they intersect
at most K times. If the set of K such that SepKpSq is connected is non-empty, we
define K0 to be the minimal value in this set, and define SeppSq “ SepK0pSq.
Theorem 3.2. Let S “ Sg,b, with g ě 1 and 2g ` b ě 4.
‚ If pg, bq P tp1, 2q, p2, 0q, p2, 1qu, then SeppSq “ Sep4pSq.‚ Otherwise SeppSq “ Sep0pSq.
The proof employs the following trick of Putman to establish connectedness.
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Lemma 3.3 ([Put08, Lemma 2.1]). Let G be a simplicial graph and suppose the
group G acts on G by simplicial automorphisms. Fix a vertex v0 P G and a symmetric
generating set X for G. Suppose that:
‚ for all vertices v P G, the orbit G ¨ v0 intersects the connected component of
G containing v;
‚ for all g P X, v0 is connected to g ¨ v0 in G.
Then, the graph G is connected.
In our case, G will be the mapping class group, MCGpSq, and the generating set
X will be the left and right Dehn twists around each of the curves shown in Figure 1
plus half twists exchanging any two boundary components. This is an extension of
the Humphries generating set to the case of non-closed surfaces; see, for example,
[FM12, Section 4.4.4].
Figure 1. Generating Dehn twists for MCGpSq.
Proof of Theorem 3.2. Let X be the generating set for MCGpSq described above.
Fix a base vertex α of SeppSq as shown in Figure 2 so that α cuts off a handle, a
subsurface homeomorphic to S1,1.
α
(a) Genus at least 2.
α
(b) Genus 1.
Figure 2. A choice of base vertex α for SeppSq.
The mapping class group orbit of a separating curve is determined by the topolog-
ical type of its complement. For every separating curve α1, S z α1 has a component
that contains a handle. Hence, α1 is either in the MCGpSq-orbit of α or connected
to the MCGpSq-orbit of α by an edge.
Now, let φ be an element of our generating set X. If φ exchanges two boundary
components of S, then φpαq “ α. If φ is a left or right Dehn twist about one
of the generating curves shown in Figure 1, then ipα, φpαqq ď 4 as any of these
curves intersects α at most twice. Thus, SepKpSq will be connected when K ě 4 by
Lemma 3.3.
We now prove that the minimal choice of K is as asserted in the theorem. If S is
not S2,0, S2,1 or S1,2, then we want to show that, for any of our generators φ, there
is a sequence of separating curves joining α and φpαq so that consecutive curves are
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disjoint. If φ is an exchange of boundary components or a Dehn twist about a curve
that is disjoint from α, then φpαq “ α and we are done. Otherwise, φ is a left or
right Dehn twist about one of the generating curves γ that intersects α twice (see
Figure 2). We claim that when S is not S2,0, S2,1 or S1,2, there is a separating curve
disjoint from both α and φpαq. The curves α and γ fill a 4-holed sphere. Since
α cuts off an handle, two of the boundary components of this 4-holed sphere are
identified to form a S1,2 subsurface Y of S with boundary components δ1 and δ2 (see
Figure 3). This subsurface Y contains both α and φpαq. We shall argue that S z Y
or BSY must contain a separating curve of S.
Suppose g ě 2. Since S is not S2,0 or S2,1, then S z Y is a connected subsurface
with either genus at least 1 or at least four boundary components. In either case,
there exists a curve α1 Ă S z Y that separates the curves δ1 and δ2 from the genus
or the other boundary curves of S z Y (see Figure 3a). If g “ 1, then b ě 3 since
S ‰ S1,2 and 2g ` b ě 4. In this case, S z Y must have a component containing at
least two boundary components of S. Thus, there is a curve α1 in S zY or BSY that
cobounds a pair of pants with two boundary components of S (see Figure 3b). In
all cases, α1 is a separating curve on S that is disjoint from Y and hence disjoint
from both α and φpαq. This deals with all of the cases where SeppSq “ Sep0pSq.
α
φpαq
α1
δ1
δ2
γ
(a) Genus at least 2.
α
φpαq
α1
γ
(b) Genus 1.
Figure 3. The union of α and its image under a generating Dehn
twist φ is always disjoint from another separating curve α1 when S is
not S2,0, S2,1, or S1,2.
Now, suppose S is S1,2, S2,0 or S2,1. In the first two cases, Sep0pSq contains no
edges, since there are no pairs of disjoint separating curves on S. For S “ S2,1,
the graph Sep0pSq does contain edges, but is known to not be connected [Sul15,
Lemma 3.4]. Thus, to show that SeppSq “ Sep4pSq in these cases, it is sufficient to
show that no two separating curves on S have intersection number exactly 2. Let
α be any separating curve on S. In the cases we are considering, S z α must have a
component that is a copy of S1,1. Denote this S1,1 component by Z. If β is a curve
on S with ipα, βq “ 2, then β X Z is a single arc and there exists a curve γ Ď Z
which intersects the arc βXZ exactly once. This implies β cannot be separating as
β and γ intersect exactly once on S. Thus, no two separating curves on S1,2, S2,0 or
S2,1 have intersection number exactly 2. 
4. Hierarchical Graphs of Multicurves
We now describe a broad class of graphs associated to surfaces introduced in
[Vok17]. While we are primarily interested in the separating curve graph, this greater
level of generality is helpful for understanding the thick subsets of SeppSq. A graph
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of multicurves on a surface S “ Sg,b is a non-empty graph whose vertices are mul-
ticurves on S. If GpSq is a graph of multicurves on S, then we say a connected
subsurface W Ď S is a witness for GpSq if W is not homeomorphic to S0,3 and every
vertex of GpSq intersects W (in other words, W is a witness if every vertex of GpSq
has non-trivial subsurface projection to W [MM00, Section 2]). If ξpSq ě 1, the
entire surface S will always be a witness for GpSq. We denote the set of witnesses
for GpSq by Wit`GpSq˘.
The next proposition concretely describes the witnesses for the separating curve
graph; examples and non-examples are given in Figure 4.
Proposition 4.1. Let S “ Sg,b with 2g ` b ě 4. A connected subsurface Y Ď S is
a witness for SeppSq if and only if Y is not a copy of S0,3 and every component of
S z Y is planar and contains at most one boundary component of S. In particular,
no witness for SeppSq is an annulus.
Proof. Let Y be a witness for SeppSq. Then every component of BSY is non-separat-
ing in S and no component of S z Y contains a separating curve of S. In particular,
no component of S zY can have positive genus or contain more than one component
of BS.
Conversely, let Y be a connected subsurface where every component of S z Y is
planar and contains at most one component of BS. If α is a separating curve disjoint
from Y , then one component Z of S zα is a subsurface of a component of S zY . Since
α is separating, Z either has genus or contains at least two boundary components
of S. This contradicts the assumption that each component of S z Y is planar and
contains at most one boundary component of S. Hence no such separating curve
exists and Y P Wit`SeppSq˘.
Now, suppose Y P Wit`SeppSq˘ is an annulus. From above, every component of
S z Y is planar and contains at most one component of BS. The only possibilities
are either that S “ Y is an annulus, or S “ S1,0 or S1,1 and S z Y is an annulus
or pair of pants meeting Y along two curves. These cases are all excluded by our
hypotheses on S. 
(a) Witnesses for SeppSq. (b) Non-witnesses for SeppSq.
Figure 4
In [Vok17], the second author provides a construction to produce a graph of
multicurves on S whose witnesses contain a specified collection of subsurfaces.
Definition 4.2. Let S be a collection of connected subsurfaces of S “ Sg,b with
ξpW q ě 1 for all W P S. If S “ H, define KSpSq to be a single point. Otherwise,
define KSpSq to be the graph so that:
‚ vertices are all multicurves x on S so that each component of S z x is not an
element of S;
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‚ two multicurves x and y are joined by an edge if either of the following
conditions hold:
(1) x differs from y by either adding or removing a single curve (see Fig-
ure 5);
(2) x differs from y by “flipping” a curve in some subsurface of S, that is, y
is obtained from x by replacing a curve α by a curve β, where α and β
are contained in the same component Yα of S z px z αq and are adjacent
in CpYα) (see Figure 6).
If GpSq is a graph of multicurves, define KGpSq “ KSpSq where S “ WitpGq.
The connectedness of the pants graph implies KSpSq is always connected [Vok17,
Claim 3.3]. There is a natural inclusion GpSq Ñ KGpSq since every vertex of GpSq
will also be a vertex of KGpSq. Theorem 4.6 below gives sufficient conditions for this
map to be a quasi-isometry.
Figure 5. An example of a path in KSeppS3q given by adding and
removing curves.
Figure 6. An example of a flip move in KSeppS3q.
The main result of [Vok17] gives simple conditions for a graph of multicurves to
be a hierarchically hyperbolic space. We direct the reader to [BHS19, Sis19] for a
complete definition of a hierarchically hyperbolic space and instead will only note
the salient consequences in the context of this paper.
Definition 4.3 (Hierarchical graph of multicurves). We call a graph of multicurves
GpSq hierarchical if
(1) GpSq is connected;
(2) the action of the mapping class group on the set of curves on S induces an
action by graph automorphisms on GpSq;
(3) there exists R ą 0 such that any two adjacent vertices of GpSq intersect at
most R times;
(4) Wit
`GpSq˘ contains no annuli.
Theorem 4.4 ([Vok17, Theorem 1.1]). If GpSq is a hierarchical graph of multicurves
on the surface S, then GpSq is a hierarchically hyperbolic space.
Since SeppSq is connected (Theorem 3.2) and has no annular witnesses (Proposi-
tion 4.1), the definition of the graph ensures it is hierarchical.
The proof of Theorem 4.4 relies on strong connections between GpSq and KGpSq
when GpSq is hierarchical.
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Lemma 4.5 ([Vok17, Section 3.1]). Let S be a surface with positive complexity. If
GpSq is a hierarchical graph of multicurves on S, then KGpSq is hierarchical and
Wit
`KGpSq˘ “ Wit`GpSq˘.
Theorem 4.6 ([Vok17, Proposition 4.1]). Let GpSq be a hierarchical graph of mul-
ticurves on S. The inclusion map GpSq Ñ KGpSq is a quasi-isometry.
The most prominent consequence of hierarchical hyperbolicity is a distance for-
mula in the same style as Masur and Minsky’s distance formula for the mapping
class group [MM00]. For any witness Y for GpSq and vertices x, y P GpSq, the sub-
surface projections of x and y to CpY q are non-empty, so the distance dY px, yq is
defined.
Theorem 4.7 (Distance formula; [Vok17, Corollary 1.2],[BHS19, Theorem 4.5]).
Let GpSq be a hierarchical graph of multicurves on S and S “ WitpSq. There exists
σ0 such that for all σ ě σ0, there are K ě 1, L ě 0 so that for all x, y P GpSq,
1
K
ÿ
Y PS
tdY px, yqu σ ´
L
K
ď dGpx, yq ď K
ÿ
Y PS
tdY px, yqu σ ` L
where tNu σ “ N if N ě σ and 0 otherwise.
Masur and Minsky showed that the curve graph of a surface with positive com-
plexity has infinite diameter by proving the pseudo-Anosov elements of MCGpSq
act loxodromically on CpSq. As a consequence of this, pseudo-Anosov elements have
undistorted orbits in any hierarchical graph of multicurves.
Corollary 4.8. Let S be a surface of positive complexity and GpSq be a hierarchical
graph of multicurves on S. Let W be a witness for GpSq and φ P MCGpSq be a
partial pseudo-Anosov supported on W . For all x P GpSq, the map n ÞÑ φnpxq is a
quasi-isometric embedding of Z into GpSq. In particular, GpSq has infinite diameter.
Proof. Let x P GpSq and n P Zą0. Without loss of generality, we can restrict to
considering the distance between x and φnpxq. The upper bound follows from the
triangle inequality:
dG
`
x, φnpxq˘ ď n´1ÿ
i“0
dG
`
φipxq, φi`1pxq˘ “ n ¨ d`x, φpxq˘.
For the lower bound, [MM99, Proposition 4.6] provides a C ą 0 depending only
on S so that dW
`
x, φnpxq˘ ě C ¨ n . By the distance formula (Theorem 4.7), there
exist K ě 1, L ě 0 and σ ą 0 so that
dG
`
x, φnpxq˘ ě 1
K
`
dW
`
x, φnpxq˘´ σ˘´ L
K
ě C
K
¨ n´ L` σ
K
. 
All hierarchically hyperbolic spaces come equipped with a system of sub-hierar-
chically hyperbolic spaces called product regions. An advantage to working with
KSpSq is that these product regions can be described concretely.
Definition 4.9 (Product region of a multicurve). Let S be the set of witnesses
for some hierarchical graph of multicurves on S. If m is a multicurve on S, define
PSpmq “ ty P KSpSq : m Ď yu. We give PSpmq the induced metric from KSpSq.
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The justification for calling PSpmq a product region lies in the following corollary
of the distance formula, which says PSpmq is quasi-isometric to a product of hierar-
chical graphs of multicurves on the components of S zm. In the sequel, if S is a col-
lection of subsurfaces of S and Y is a subsurface of S, then SY “ tZ P S : Z Ď Y u.
Corollary 4.10. Let S be the set of witnesses for some hierarchical graph of mul-
ticurves on S. If m is a multicurve on S and S zm “ Y1 \ ¨ ¨ ¨ \ Yr, then PSpmq
is quasi-isometric to
śr
i“1KSYi pYiq. Moreover, each factor KSYi pYiq has infinite
diameter if and only if Yi P S.
Proof. To simplify notation, we will write Si for SYi . When Si is non-empty,
KSipYiq is itself a hierarchical graph of multicurves. By definition, Si “ H if and
only if Yi R S. Thus, KSipYiq is defined to be a point when Yi R S and will be
infinite diameter whenever Yi P S by Corollary 4.8. This proves the final clause.
For the quasi-isometry between PSpmq and śri“1KSYi pYiq, let ι : śri“1KSYi pYiq ÑKSpSq be defined by ιpx1, . . . , xrq “ x1 Y ¨ ¨ ¨ Y xr Ym. The image of this map is
exactly PSpmq. We shall use the distance formula (Theorem 4.7) to show that ι is a
quasi-isometric embedding. We use the notation A — B to denote that there exist
K and L such that pA´ Lq {K ď B ď KA ` L. By taking the maximum of the
constants involved, we have that if A — B and A1 — B1 then A` A1 — B `B1.
Let P “ śri“1KSipYiq, and x “ px1, . . . , xrq, y “ py1, . . . , yrq be elements of P .
By taking a sufficiently large σ, we can apply the distance formula to each factor
of P to achieve
dPpx,yq —
rÿ
i“1
ÿ
Y PSi
tdY pxi, yiqu σ ,
where the term corresponding to Si is 0 if Si is empty.
The subset PSpmq has the metric induced from KSpSq, so we have
dPSpmq
`
ιpxq, ιpyq˘ — ÿ
Y PS
tdY pιpxq, ιpyqqu σ .
We will show dPSpmqpιpxq, ιpyqq — dPpx,yq, for constants independent of x and y,
by proving there exists a threshold σ for the distance formula so that the non-zero
terms in the right hand side of the distance formula for PSpmq exactly correspond
to the non-zero terms in the right hand side of the distance formula for P .
If m intersects W P S, then both piW pιpxqq and piW pιpyqq contain piW pmq ‰ H,
and we have that diamppiY pιpxqqYpiY pιpyqqq is uniformly bounded. By assuming that
the threshold σ of the distance formula is larger than this bound, every term in the
distance formula for PSpmq corresponding to such a subsurface W is 0. Now suppose
m does not intersect W . This happens precisely when W is contained in Yi for some i
(in particular, this Yi is in S). In this case, dW pιpxq, ιpyqq “ dW pxi, yiq. 
Example 4.11 (Product Region). Let S “ Wit`SeppSgq˘ and let m be the mul-
ticurve dividing S “ Sg into two S0,g`1 components as shown in Figure 7. These
components are both witnesses by Proposition 4.1. Let Y1 \ Y2 “ S z m. As no
proper subsurface of Yi is a witness, SYi “ tYiu. By the distance formula (Theo-
rem 4.7), this implies KSYi pYiq is quasi-isometric to the curve graph CpYiq. Thus,
PSpmq is quasi-isometric to CpY1q ˆ CpY2q.
Corollary 4.10 tells us that product regions with at least two infinite factors ex-
actly coincide with collections of disjoint witnesses for KSpSq. As a consequence of
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Figure 7. The multicurve m defining Y1 and Y2 in Example 4.11
.
hierarchical hyperbolicity, the product regions realize the geometric rank of KSpSq.
We say that a metric space X has rank n if n is the largest integer so that there
exists a quasi-isometric embedding of Zn into X.
Corollary 4.12 ([Vok17, Corollaries 1.4, 1.5]). Let S be the set of witnesses for
some hierarchical graph of multicurves on S. The rank of KSpSq is equal to the
maximum cardinality of a set of pairwise disjoint elements of S. Further, KSpSq is
hyperbolic if and only if S does not contain any pairs of disjoint subsurfaces.
Proof. Let tY1, . . . , Yνu be a set of pairwise disjoint elements of S with maximal
cardinality and n be the rank of KSpSq. By [Vok17, Corollary 1.4], n ď ν. By
Corollary 4.10,
śν
i“1KSYi pYiq quasi-isometrically embeds intoKSpSq. EachKSYi pYiq
has rank at least 1 by Corollary 4.8, thus ν ď n. The hyperbolicity statement is
precisely [Vok17, Corollary 1.5]. 
In the case of the separating curve graph, the disjoint witnesses are very restricted
and can be described concretely and concisely in all cases.
Proposition 4.13. Let S “ Sg,b with 2g ` b ě 4. If pg, bq P tp1, 2q, p2, 0q, p2, 1qu or
b ě 3, then no two witnesses for SeppSq are disjoint. Otherwise, pairs of disjoint
witnesses exist and always have the following form.
(1) If b “ 0 and g ě 3, then a pair of disjoint witnesses is two copies of S0,g`1
that meet along all of their boundary components (Figure 8a).
(2) If b “ 2 and g ě 2, then a pair of disjoint witnesses is two copies of S0,g`2
that meet along all but one of their boundary components (Figure 8b).
(3) If b “ 1 and g ě 3, then a pair of disjoint witnesses is either:
‚ a copy of S0,g`1 and a copy of S0,g`2 that meet along all the boundary
components of the S0,g`1 subsurface (Figure 8c);
‚ two copies of S0,g`1 that meet along all but one of their boundary com-
ponents, so that neither contains BS (Figure 8d).
In particular, the rank of SeppSq is 1 if pg, bq P tp1, 2q, p2, 0q, p2, 1qu or b ě 3, and 2
otherwise.
(a) (b) (c) (d)
Figure 8. The possibilities for pairs of disjoint witnesses for SeppSq
for S3,0, S3,2 and S3,1 up to the action of the mapping class group.
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Proof. Recall, Proposition 4.1 established that Wit
`
SeppSq˘ is the set of all positive
complexity connected subsurfaces W so that each component of S zW is planar and
contains at most one boundary component of S.
First suppose that S “ Sg,b with pg, bq P tp1, 2q, p2, 0q, p2, 1qu. For S1,2, there are
no pairs of disjoint, positive complexity subsurfaces. For the other two cases, if two
positive complexity subsurfaces are disjoint, they must both contain genus. Since
each of the subsurfaces is contained in the complement of the other, neither can be
a witness for SeppSq.
Now suppose that S has at least three boundary components. Suppose W,Y P
Wit
`
SeppSq˘ are disjoint. Since any connected subsurface containing Y is also a
witness for SeppSq, we can assume that Y is a component of S zW . In particular,
S zY is connected and Y is a planar subsurface that contains at most one boundary
component of S. Since b ě 3, this implies S z Y contains at least two boundary
components of S. However, this contradicts that Y is in Wit
`
SeppSq˘, and hence,
we have that Wit
`
SeppSq˘ contains no pairs of disjoint subsurfaces.
Now suppose that S “ Sg,b, with b ď 2 and pg, bq R tp1, 2q, p2, 0q, p2, 1qu. Let W
and Y be disjoint subsurfaces in Wit
`
SeppSq˘. Assume that W is minimal, in the
sense that no proper subsurface of W is a witness for SeppSq, and assume that Y is
a component of S zW . We claim S zW is connected, implying S zW “ Y .
Suppose that S zW is disconnected, and let Z be a component of S zW that is
not Y . If BZ X BW contains more than one curve, then S z Y has positive genus,
which contradicts that Y is in Wit
`
SeppSq˘. Hence, Z meets W along a single curve.
However, we also know that Z is planar and contains at most one component of BS.
Thus, Z must be a disk or a peripheral annulus, contradicting that W is essential.
Therefore, S zW is connected and equal to Y .
Since W and Y are both witnesses and S zW “ Y , each of W and Y must be
planar and must contain at most one component of BS. Since we are assuming that
W is minimal, we have precisely one possibility for what W and Y can be for each
of Sg,0, Sg,1 and Sg,2:
‚ if S “ Sg,0, then W and Y are both copies of S0,g`1 that meet along all of
their boundary components (Figure 8a);
‚ if S “ Sg,2, then W and Y are both copies of S0,g`2 that meet along all but
one of their boundary components (Figure 8b);
‚ if S “ Sg,1, then W is a copy of S0,g`1 and Y is a copy of S0,g`2 with W and
Y meeting along all boundary components of W (Figure 8c).
The subsurfaces W and Y described above are indeed witnesses for SeppSq as
they will always have positive complexity for the surfaces S we are considering.
When b “ 0 or b “ 2, there is an element of MCGpSq that maps W to Y . Since
we assumed that no proper subsurface of W is in Wit
`
SeppSq˘, the same is true
of Y . In particular, the maximal cardinality of a set of pairwise disjoint elements
of Wit
`
SeppSq˘ is 2, and, up to the action of MCGpSq, there is a unique pair of
disjoint witnesses for SeppSq.
In the case of Sg,1, Y is not minimal as it contains a subsurfaceW
1 that is the image
of W under some element of MCGpSq, and hence a witness for SeppSq. We claim
the only subsurfaces of Y that are witnesses for SeppSq are obtained by removing a
single pair of pants containing BS from Y .
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Let Z be a proper connected subsurface of Y . Since Y is planar, Z must also be
planar, and can be obtained from Y by successively removing copies of S0,3. Let P
be the first copy of S0,3 removed from Y to move towards Z. If P does not contain
the boundary component of S, then BP contains two disjoint curves of BW . This
implies that S zZ has positive genus, and hence that Z is not a witness for SeppSq.
If P does contain the boundary component of S, then Y zP is in the mapping class
group orbit of W and hence minimal. Therefore, a subsurface Z of Y is an element
of Wit
`
SeppSg,1q
˘
if and only if it is obtained from Y by removing a single pair of
pants containing BS. Since a copy of S0,3 is never a witness, we again find that sets
of pairwise disjoint witnesses for SeppSg,1q have cardinality at most 2. Moreover,
up to the action of MCGpSq, there are exactly the two possibilities stated in the
proposition. 
The restrictions on the disjoint witnesses for SeppSq have direct implications for
the (relative) hyperbolicity of the graph. The second author concluded hyperbol-
icity in the case of b ě 3 or pg, bq P tp1, 2q, p2, 0q, p2, 1qu from the lack of disjoint
witnesses [Vok17], and the unique form of the disjoint witnesses in the case where
b “ 0 or b “ 2 is an essential component of the first author’s proof of relative
hyperbolicity [Rus19].
5. Thickness of the Separating Curve Graph
We now use the hierarchy structure and the capping map to show that SeppSg,1q
is a thick metric space when g ě 3. For the remainder of this section, let S “ Sg,1
with g ě 3, and let Σ “ Sg,0 be the surface obtained from S by capping off the
boundary component with a disk. For convenience, we shall use X to denote the set
of witnesses for SeppSq, KpSq to denote KXpSq, and P pmq to denote PXpmq for any
multicurve m on S. If A is a subset of a metric space X, then NCpAq will denote
the C-neighborhood of A in X.
Definition 5.1 (Thick metric space). A metric space X is thick of order 0 if none
of its asymptotic cones have cut points. In particular, X will be thick of order 0 if
X is quasi-isometric to a product of two infinite diameter metric spaces.
A metric space X is thick of order at most n if there exists a constant C ě 0 and
a collection of subsets tPαuαPI such that the following hold.
‚ (Thickness) Each Pα is thick of order at most n´ 1.
‚ (Coarsely Covering) The space X is contained in the C-neighborhood ofŤ
αPI Pα.‚ (Thick Chaining) For any Pα and Pα1 there exists a sequence
Pα “ P0, P1, . . . , Pk “ Pα1
such that NCpPiq XNCpPi`1q has infinite diameter for all 0 ď i ď k ´ 1.
Behrstock, Drut¸u, and Mosher established that if X is thick of any order, then X
cannot be relatively hyperbolic [BDM09, Corollary 7.9]. Since the order of thickness
is a quasi-isometry invariant [BDM09, Remark 7.2], to prove that SeppSq is thick of
order at most 2, it will be sufficient to prove the same for KpSq.
Theorem 5.2. For all g ě 3, SeppSg,1q is thick of order at most 2. In particular,
SeppSg,1q is not relatively hyperbolic.
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To show that KpSq is thick of order at most 2, we need to build thick of order at
most 1 subsets that coarsely cover KpSq and that can be thickly chained together.
The thick of order at most 1 subsets in turn need to be built from thick of order 0
subsets which can be thickly chained together. These thick of order 0 pieces will come
from the product regions corresponding to pairs of disjoint witnesses for SeppSq.
Lemma 5.3. Let W and Y be a pair of disjoint witnesses for SeppSq. If m “
BW YBY , then P pmq is quasi-isometric to a product of two infinite diameter metric
spaces, and hence thick of order 0.
Proof. By the classification of pairs of disjoint witnesses for SeppSq given in Propo-
sition 4.13(3), the only components of S z m that are witnesses are W and Y .
Hence, by Corollary 4.10, P pmq is quasi-isometric to KXW pW q ˆ KXY pY q. Since
W,Y P Wit`SeppSq˘, KXW pW q and KXY pY q are both infinite diameter. 
To understand how the product regions chain together, we use the following graph,
and show the edge relation encodes the thick intersection between product regions.
Definition 5.4 (Graph of disjoint witnesses). Let DWpSq be the graph whose ver-
tices are multicurves m on S so that S zm contains a pair of disjoint witnesses for
SeppSq. Two multicurves m,n P DWpSq are joined by an edge if n can be obtained
from m by adding or deleting a single curve.
By Proposition 4.13(3), the vertices of DWpSq come in two types up to homeo-
morphism (see Figure 9).
(a) (b)
Figure 9. The two possible topological types of multicurves in
DWpSq, in the genus 3 case.
Lemma 5.5. If m,n P DWpSq are connected by an edge, then P pmqXP pnq is equal
to P pmY nq and is an infinite diameter subset of KpSq.
Proof. That P pmq X P pnq “ P pm Y nq follows from the definition of the product
regions. Without loss of generality, m Ď n, so m Y n “ n and P pm Y nq “ P pnq,
which has infinite diameter by Lemma 5.3. 
In light of Lemma 5.5, if Ω is a connected component of DWpSq, then the union
of all product regions for multicurves in Ω will be a thick of order 1 subset of KpSq.
We show that the connected components of DWpSq (and hence the thick of order 1
subsets) are naturally encoded by the fiber of the map induced by capping the
boundary component on S. As an aid to the reader, we will always use Roman
letters to denote multicurves on S and Greek letters to denote multicurves on Σ.
Definition 5.6 (The capping map). Recall, F : CpSq Ñ CpΣq is the map induced
by capping the boundary component of S with a disk. Let F0pΣq denote the set
of multicurves µ on Σ such that there exists m P DWpSq with µ “ F pmq. For a
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multicurve µ P F0pΣq, we shall abuse notation and use F´1pµq to denote the full
subgraph of DWpSq spanned by the set tm P DWpSq : F pmq “ µu.
Proposition 5.7. The map µ ÞÑ F´1pµq is a bijection from F0pΣq to the set of
connected components of DWpSq.
Proof. We first show that each connected component of DWpSq is contained in the
fiber of a single multicurve µ P F0pΣq.
Claim 1. If m,n P DWpSq are connected by an edge, then F pmq is isotopic to F pnq
on Σ.
Proof. Without loss of generality, assume that n is obtained from m by adding a
curve a. From the classification of topological types of vertices of DWpSq, there
exists a curve b in m such that a and b bound a pair of pants with the boundary
component of S. Thus F paq and F pbq are isotopic on Σ, which implies F pmq is
isotopic to F pnq on Σ. 
Inductively, Claim 1 implies that every element of a connected component of
DWpSq has the same image under F . The next claim establishes that the connected
components are in one-to-one correspondence with the pre-images of the points
in F0pΣq.
Claim 2. For all µ P F0pΣq, F´1pµq Ď DWpSq is connected.
Proof. Let m,n P F´1pµq with m ‰ n.
First suppose ipm,nq “ 0, and consider the multicurve m Y n. The multicurve
F pmq “ F pnq “ F pm Y nq on Σ contains g ` 1 curves. Therefore, there is a
multicurve m1 on S with exactly g`1 curves from mYn so that F pm1q “ F pmYnq.
Two disjoint, non-isotopic curves on S have the same image under F if and only if
they cobound a pair of pants with BS. Thus, any curve in pmYnqzm1 must cobound
a pair of pants with BS and a curve of m1. Hence, there can be at most one curve of
m Y n that is not in m1 (and since m ‰ n, such a curve exists). We therefore have
that S z pmYnq contains two witnesses homeomorphic to S0,g`1, and a copy of S0,3.
This implies m and n are connected in DWpSq as the multicurve mY n is a vertex
of DWpSq that is either adjacent to or equal to each of m and n.
Now suppose ipm,nq “ k and assume, by induction, that any two vertices of
F´1pµq with intersection number less than k can be connected within F´1pµq. Since
F pmq “ F pnq, any intersections between m and n come in pairs and form a 1-holed
bigon containing the boundary component of S. Let a P m and b P n be curves
whose intersection forms the innermost bigon around the boundary component of S.
We perform the surgery shown in Figure 10 across the boundary component of S to
produce a curve b1 that is disjoint from n. Let n1 “ pnzbqYb1. Then ipm,n1q ď k´2,
ipn, n1q “ 0, and F pn1q “ F pnq “ F pmq. Thus, by induction, m is connected to n
in F´1pµq. 
Combining Claims 1 and 2, we have that µ ÞÑ F´1pµq is a bijection from F0pΣq
to the set of connected components of DWpSq. 
We can now describe the thick of order 1 subsets we need to prove KpSq is thick
of order at most 2. Each of these subsets is the union of the product regions of all
multicurves in a connected component of DWpSq. By Proposition 5.7, these subsets
are in correspondence with elements of F0pΣq. This correspondence will be critical
in thickly chaining any two of these subsets together.
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a b
b1
Figure 10. Surgering b to b1 across the boundary component of S.
Definition 5.8 (Thick of order 1 pieces). For each µ P F0pΣq, define
X pµq “
ď
mPF´1pµq
P pmq.
Lemma 5.9. For each µ P F0pΣq, X pµq Ď KpSq is thick of order at most 1.
Proof. Let µ P F0pΣq. By construction, X pµq is covered by the thick of order 0
subsets P “ tP pmq : m P F´1pµqu. By Proposition 5.7, the fiber F´1pµq is a
connected component of DWpSq. If m,m1 P DWpSq are joined by an edge, then
P pmq X P pm1q “ P pm Ym1q and is infinite diameter by Lemma 5.5. So given any
two multicurves m,m1 P F´1pµq, the path from m to m1 in DWpSq gives a thick
chain of elements of P connecting P pmq to P pm1q. 
The next task is to be able to thickly chain any two of the X pµq’s together. As
is the case with product regions, we can encode the thick intersection of the X pµq’s
using a graph. In this case, the graph has vertex set F0pΣq with an edge between
two vertices if they intersect a bounded number of times on Σ.
Definition 5.10. Define FpΣq to be the graph with vertex set F0pΣq where two
vertices µ and ν are joined by an edge if ipµ, νq ď 4.
Proposition 5.11. There exists C ě 0, so that if µ, µ1 P FpΣq are joined by an
edge, then NC
`X pµq˘XNC`X pµ1q˘ has infinite diameter.
Proof. Let µ and µ1 be two adjacent vertices of FpΣq. Since ipµ, µ1q ď 4, we can
choose m P F´1pµq and m1 P F´1pµ1q so that ipm,m1q ď 4. Given a subsurface Y
of S, we will call a curve α of Y admissible if α is essential and non-peripheral in Y
and no component of Y z α is a 3-holed sphere containing BS. We can extend any
vertex v of DWpSq to an element z of P pvq Ď KpSq by adding an admissible curve
in each witness component of S z v. We claim that we can extend m and m1 to
x P P pmq and x1 P P pm1q respectively, so that ipx, x1q ď 20.
Let Y be a component of S zm that is not a 3-holed sphere. By Proposition 4.1,
Y is a sphere with either g ` 1 or g ` 2 boundary components.
Claim 3. Y contains an admissible curve that intersects m1 X Y at most twice.
Proof. Note, a curve α on Y is admissible if and only if each component of Y z α
contains at least two boundary components of BSY .
The intersection of m1 with Y is a collection of at most two disjoint arcs and
possibly some curves. We may assume there are two arcs, since having fewer can
only decrease the number of intersections in what follows. Let a1 and a2 be the arcs
of m1 X Y . If either a1 or a2 has endpoints on two different components of BSY ,
then the standard surgery shown in Figure 11a will yield an admissible curve on Y
that intersects m1 at most twice. Assume hence that each of a1 and a2 has both
endpoints on a single curve.
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(a)
BS
γ
D
α
a1
a2
(b)
BS
a1
(c)
Figure 11. The subsurface Y in Claim 3, with the surgeries used in
the proof.
First, assume Y contains the boundary of S and both a1 and a2 separate a 1-
holed disk containing BS from Y . Since a1 and a2 are disjoint, this implies a1 and
a2 are in fact isotopic, with endpoints on a curve γ in BSY (see Figure 11b). Let D
be the component of Y z pa1 Y a2q that contains all components of BSY z γ. Since
BSY consists of g ` 1 ě 4 curves, there is a curve α on D that separates at least
two components of BSY on each side. Any such curve is therefore admissible and
disjoint from a1 and a2. Moreover, we can choose α to also be disjoint from any
curves in m1 X Y .
Now suppose, without loss of generality, no component of Y z a1 is a 1-holed disk
containing BS. There are two standard surgeries of a1 to a non-peripheral curve in Y ;
see Figure 11c. Since BSY has g` 1 ě 4 components, at least one of these standard
surgeries gives an admissible curve of Y . Since m1X Y is a disjoint collection of two
arcs and some curves, this essential curve intersects m1 at most twice. 
Using Claim 3 on each witness component of S zm, we find a vertex x in P pmq
with ipx,m1q ď 8 “ 4 ` 2 ¨ 2. Since the intersection of x with each component of
S zm1 is a disjoint collection of at most four arcs and possibly some curves, we can
repeat the argument of Claim 3 to show that each witness component of S z m1
contains an admissible curve that intersects x at most 6 times. Thus, there exists a
vertex x1 in P pm1q with ipx, x1q ď 20 “ 8` 2 ¨ 6.
Up to the action of MCGpSq, there are only finitely many pairs of vertices of KpSq
that intersect at most 20 times. Hence, there exists an upper bound C, depending
only on the genus of S, on the distance between such a pair of points. In particular,
dKpSqpx, x1q ď C. Since x P X pµq and x1 P X pµ1q, we have that x is contained in
NCpX pµqq XNCpX pµ1qq.
To show that NCpX pµqq XNCpX pµ1qq has infinite diameter, we use the fact that
PushpSq ă MCGpSq contains a pseudo-Anosov element φ [Kra81, Theorem 2’].
Since φ is a point push, F pφpmqq “ F pmq. Thus, φ preserves F´1pµq and hence
preserves X pµq. Similarly, φ preserves X pµ1q. Since the action of MCGpSq on
KpSq is isometric, φ preserves NCpX pµqq and NCpX pµ1qq, and φnpxq P NCpX pµqq X
NCpX pµ1qq for all n P Z. By Corollary 4.8, the orbit xφy ¨ x quasi-isometrically
embeds in KpSq and NCpX pµqq XNCpX pµ1qq has infinite diameter. 
Lemma 5.12. The graph FpΣq is connected for all g ě 3.
Proof. We use Putman’s trick (Lemma 3.3) to establish connectedness. As the
generating set for MCGpΣq, select the Humphries generators and their inverses,
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that is, the collection of left and right Dehn twists around each of the curves shown
in gray in Figure 12.
µ
Figure 12. Twists generating MCGpΣq (gray) and the multicurve µ
(black)
Fix a base vertex µ intersecting the curves of the generating twists as shown in
Figure 12. The action of MCGpΣq on FpΣq has only one orbit of vertices, so the
first condition of Lemma 3.3 is satisfied. For the second condition, observe that
the image of µ under every generator intersects µ at most four times, and hence is
connected to µ by an edge in FpΣq. 
We now conclude our proof that SeppSq is thick of order at most 2.
Proof of Theorem 5.2. Recall, it suffices to show KpSq is thick of order at most 2,
as the order of thickness is a quasi-isometry invariant.
By Lemma 5.9, each X pµq is thick of order 1 for all µ P F0pΣq. Since there are
only finitely many MCGpSq-orbits of vertices of KpSq, there exists a bound D on
the diameter of the quotient of KpSq by the action of MCGpSq. Using the isometric
action of the mapping class group, for any vertex x P KpSq there is µ P F0pΣq so
that x is within distance D of a vertex of X pµq.
What remains to be shown is that any two of the X pµq’s can be thickly chained
together. By Lemma 5.12, any two vertices µ, µ1 P FpΣq are connected by a path µ “
µ0, µ1, . . . , µk “ µ1 in FpΣq. By Proposition 5.11, there exists C ě 0 independent of
µ and µ1, so thatNCpX pµiqqXNCpX pµi`1qq has infinite diameter for all 0 ď i ď k´1.
Thus, KpSq is thick of order at most 2. 
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